Abstract. In this paper we consider three measures of overlap, namely Matusia's measure ρ, Morisita's measure λ and Weitzman's measure ∆. These measures are usually used in quantitative ecology and stress-strength models of reliability analysis. Herein we consider two Weibull distributions having the same shape parameter and different scale parameters. This distribution is known to be the most flexible life distribution model with two parameters. Monte Carlo evaluations are used to study the bias and precision of some estimators of these overlap measures. Confidence intervals for the measures are also constructed via bootstrap methods and Taylor series approximation.
Introduction
It is essential in reliability analysis to estimate the proportion of machines or electronic devises, from two different sources or under different levels of stress that have similar range of failure time. Overlap coefficients (OVL) (Matusia's measure ρ, Morisita's measure λ and Weitzman's measure ∆) are defined to be the common area of graphing two probability density functions. In the literature, overlap coefficients are mostly used in ecology. However, other applications of are the lowest bound for the probability of failure in the stress-strength models of reliability analysis (Ichikawa [13] ), an estimate of the proportion of genetic deviates in segregating populations (Federer et al. [9] ), and a measure of distinctness of clusters (Sneath [35] ). For more applications on OVL coefficients see Mulekar and Mishra [26, 27] . Moreover, the history of such procedures is summarized by Inman and Bradley [14] .
Let f 1 (x) and f 2 (x) be two continuous probability density functions. The overlap measures are defined as follows:
Matusia's Measure [22] : ρ = f 1 (x) f 2 (x)dx.
For discrete type of distribution, one can replace the integrals with summations. Also, these forms can be generalized to multivariate distributions. All three overlap measures of two densities are measured on the scale of 0 to 1. An overlap value close to 0 indicates no common area between the two density functions. However, an overlap value of 1 indicates that the common area between the two densities is 1. The mathematical structure of these measures is complicated; there are no results available on the exact sampling distributions of the commonly used OVL estimators. Researcher such as Smith [34] derived formulas for estimating the mean and the variance of discrete version of Weitzman's measure using the delta method. Mishra et al. [24] gave small and large sample properties of the sampling distribution for a function of∆ under the assumption of homogeneity of variances. Lu et al. [17] investigated some of these measures using simulation. Mulekar and Mishra [26] derived the approximate expressions for the bias and variance of the OVL estimators. They also used simulation to study the sampling distribution of the overlap measures for normal densities with equal means. Dixon [6] used bootstrap and jackknife techniques for Gini coefficient of size hierarchy and Jaccard index of community similarity. Mulekar and Mishra [27] addressed the problem of making inferences about the overlap coefficients based on normal densities with equal means using jackknife, bootstrap, transformation method and Taylor series approximation. Reiser and Faraggi [30] considered the problem of making inference about the overlap coefficient ∆ , as a measure of bioequivalence under the name proportion of similar responses, for normal densities with equal variances, based on the non-central t-and F -distributions. The sampling behavior of a nonparametric estimator of ∆ is examined by Clemons and Bradley [4] by using Monte Carlo and bootstrap techniques.
In this paper we consider the three measures of overlap (ρ, λ and ∆) for two Weibull distributions having the same shape parameter and different scale parameters. Section 2 derives the measures. The estimators and their approximate biases and confidence intervals using the delta method and bootstrap techniques are introduced in Section 3. Simulation results are provided with discussion in Section 4. Section 5 presents a real data example with final comments.
The Weibull is a very flexible life distribution model named for Professor Waloddi Weibull of Sweden who suggested it as a distribution for a variety of applications (see Weibull [37, 38] ). He considered the problems of yield strength of a Bofors steel, fiber strength of Indian cotton, length of syrtoideas, fatigue life of an St-37 steel, statures of adult male born in British Isles, and breadth of beans of Phaseolus vulgaris. The distribution was used as early as 1933 by Rosin and Rammler [31] in describing the "laws governing the fineness of powdered coal". The Weibull distribution began to be seriously considered as a competing model in the 1960's (Bain and Antle [1] , Harter and Moore [11] , Mann [18] , Thoman et al. [36] ), especially in problems in which the time to failure was the response of interest, see for example Mann [18] , Bain and Engelhardt [2] and Murthy et al. [28] .
A random variable X follows the two-parameter Weibull distribution (denoted by WE2(α, β)) has cdf and pdf given respectively, by:
and
where α, β > 0 are respectively the scale and the shape parameters.
Overlap measures (OVL) for Weibull distribution
Suppose f 1 (x) and f 2 (x) represent the Weibull densities with common shape parameter β and scale parameters α 1 and α 2 respectively. Figure 1 shows overlap of WE2(2, 2) and WE2 (4, 2) . Let R = continuous version of the three overlap measures, can be expressed as a function of R as follows (the derivation of the three overlap measures are straight forward and is omitted from the content of this paper): Figure 2 shows curves of the three overlap measure (OVL) considered for WE2 (α, 2). All three measures are not monotone for all R > 0. Similar to Mulekar and Mishra [27] , ρ, λ and ∆ have nice properties, such as, symmetry in R, i.e. OVL(R) = OVL(1/R) and invariance under the linear transformation Y = aX + b, α = 0. These properties are true for these three measures in a general setting.
Statistical inference
The OVL measures ρ, λ, and ∆ are functions of β, α 1 and α 2 . In order to draw any inference about the OVL measures, we need first to get estimators of β, α 1 and α 2 .
Statistical inference for the two parameters Weibull
Early users of the two-parameter Weibull model were mainly engineers (McCool [23] and Weibull [38] ); they used graphical methods for estimation of the parameters. Other types of estimation are considered by many authors, such as Lieblein and Zelen [16] , White [40] , and Mann [19] [20] [21] among others.
Maximum likelihood estimation of the parameters has been considered by Hater and Moore [11] , Cohen [5] and Leone et al. [15] , among others. Suppose that (X 11 , X 12 , . . . , X 1n1 ) and (X 21 , X 22 , . . . , X 2n2 ) are two independent random samples drawn from the two Weibull population f 1 (x) and f 2 (x) respectively. Assume further that f 1 (x) and f 2 (x) have the same shape parameter β and different scale parameters α 1 and α 2 . 
2) From the second sample
The common shape parameter can be estimated using the weighted average of the solutions of (3.1) and (3.3) as follows:
The existence and uniqueness of the solution to these equations were shown by Pike [29] and McCool [23] . The MLEs are easily found using Newton's method to solve first forβ andβ and then using these to getα 1 andα 2 . Moreover, for the two-parameter Weibull distribution, the MLEs are asymptotically efficient and they are asymptotically normally distributed. Therefore,
where
Hence, because the two random samples are independent,
Statistical inference for OVL measures
The OVL measures considered here are also functions of R and β, therefore, their MLE estimators are given byρ
. Thus using the well-known delta method (Taylor series expansion), the approximate sampling variance ofR can be obtained as follows: using Taylor series expansionR can be written aŝ
SinceR is a function of the MLE's of α 1 and α 2 , then for large n 1 and n 2 
and R − R ∼ N 0, Proof.
Now using the first term of the Taylor series expansion forR, R ≈
in (3.10) we get
α2(n1+n2) = 0 and this concludes the proof.
Using the above results the approximate sampling variances of the overlap measures estimators, can be obtained using Taylor series expansion as follows:
The MLEs for the two-parameter Weibull distribution are asymptotically efficient and they are asymptotically normally distributed (see, Thoman et al. [36] ). However, the OVL measures are functions of the Weibull distribution parameters. Therefore, by using the Delta-method, the OVL measures estimators are asymptotically normally distributed. Thus, the 100 (1 − α) % approximate confidence intervals are given bŷ
14) )% upper quantile of the standard normal distribution. For large samples these confidence intervals work fairly well. However, for small sample sizes more refined versions of the above confidence intervals can be obtained by
where Bîas(OVL) is an estimate of Bias(OVL) = E (OVL) − OVL. In the case of using the logarithmic transformation to the OVL estimates. The bias for the OVL coefficient estimates can be approximated using Taylor expansion as follows:
where where
Reasonable estimates for the above biases can be obtained by substituting R byR and β by β * .
Bootstrap inference
Bootstrap methods are computer intensive and involve simulated data sets. Uniform (ordinary) bootstrap resampling by Efron [8] is based on resampling with replacement from the observed sample according to a rule which places equal probabilities on sample values. Uniform bootstrap resampling is an assumption-free method that can be used for some inferential problems. However, it is designed for complete and continuous set of observations (Hall [10] ). In the two-sample case the uniform resampling rules applies to each sample separately and independently (see Ibrahim [12] , Samawi et al. [32] , Samawi et al. [33] ).
Suppose that ℵ 1 = (X 11 , X 12 , . . . , X 1n1 ) and ℵ 2 = (X 21 , X 22 , . . . X 2n2 ) are two independent random samples drawn from f 1 (x) and f 2 (x) respectively. Assume that the parameter of interest is the OVL coefficient. Let S be an estimate of OVL based on the random samples ℵ 1 and ℵ 2 i.e., S = S (ℵ 1 , ℵ 2 ). Assume that U is a function of S i.e., U = U (S). Write U * for the same function of the data but in the resamples ℵ *
and ℵ * 2 = X * 21 , X * 22 , . . . X * 2n2 which are drawn from ℵ 1 and ℵ 2 according to a rule which places probability
on each sample value of ℵ 1 and probability 1 n2 on each sample value of ℵ 2 . Let u = E (U ) then the bootstrap estimate (sayû) of u is given byû
This expected value is often not computable.
Uniform resampling approximation for bootstrap estimate
Assume that the probability of selecting X 1i in a resample is 21) and probability of selecting X 2 in a resample is
Let 
Then the uniform resampling approximation of the 100
Simulation study
A Monte Carlo simulation study was conducted for R = 0.2, 0.5, and 0.80, (n 1 , n 2 ) = (20, 20) , (20, 30) , (50, 50), (100, 100) and (200, 200) and d = 0.05. All the 1000 simulated sets of observations were generated under the assumption that both variables have Weibull distribution with the same shape parameter (β = 2) but with different scale parameters. For bootstrap approximation 1000 resamples were used. Note that the results presented in Table 1 -3 are based on (3.14)-(3.16).
Tables 1-3, indicate that the |bias| in all cases are less than 0.04 and decreases as the sample size increases. It seems that the Taylor series approximation works well. Also, bootstrap method, which does not need complicated formula for the variances seems to work fairly well except for small R.
The asymptotic method gives a good estimate for the coverage probability of the 95% confidence intervals for ρ, λ and ∆. However, the coverage probability of those 95% confidence intervals does not converge to the nominal values when the bootstrap method is used for small R.
Application on body mass index data from 65+ RHS study
The 65+ Rural Health Study (RHS) is a prospective longitudinal cohort study of 3673 individuals (1420 men and 2253 women) aged 65 or older living in Washington and Iowa counties of Iowa in 1982. This study is one of four studies supported by the National Institute on Aging and collectively referred to as EPESE, Established Populations for Epidemiological Studies of the Elderly, see Brock et al. [3] . Table 1 . Estimates (Est.), Bias, MSE, length of interval (L.), and the coverage probability (Cover.) for R = 0.20. Exact OVL coefficients: ρ = 0.385, λ = 0.178 and ∆ = 0.161. Table 3 . Estimates (Est.), Bias, MSE, length of interval (L.), and the coverage probability (Cover.) for R = 0.80. Exact OVL coefficients: ρ = 0.976, λ = 0.958 and ∆ = 0.837. Table 4 presents the body mass index data (BMI) collected at the baseline for the Iowa 65+ RHS. In this study there were 33 diabetic women aged 80 to 85 of whom 14 reported urinary incontinence. The question of interest is to draw inference about the percentage of similarity in the BMI of the diabetic women with or without urinary incontinence. The BMI is the ratio of the subject's weight (kg) divided by height square (m 2 ). Figures 3 and 4 (including the Anderson-Darling goodness of fit test) indicate that the underlying distribution for this data follows Weibull distributions with P -values > 0.99.
Moreover, using the asymptotic normality of the MLEs of the shape parameters, our test of the two shape parameters equality using two samples Z-test (Z = 0.55; P -value = 0.291) indicates that the two distributions shape parameters are statistically equal. Also, the combined MLE from the two samples for β is β * = 5.72. Table 5 , summarizes the asymptotic inference and the bootstrap inference on the OVL measures for the BMI data of urinary incontinence and non-urinary incontinence women aged 80-85 at the baseline for the Iowa 65+ RHS. Table 5 shows an illustration of estimating the OVL coefficients for two weibull distributions. For example MLE of ∆ = 0.686 indicates that about 68% of diabetic women aged 80-85 years with or without urinary incontinence have the same range of BMI. 
